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Pairing of Composite Fermions, Laughlin Correlations, 
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A novel hierarchy of fractional quantum Hall (FQH) states in the lowest Landau level (LL) is 
proposed to explain recently observed FQH fractions such as v — 5/13, 3/8, or 4/11. Based on 
the analysis of their interaction pseudopotentials, it is argued that the Laughlin quasiparticles 
(particles/holes in a partially filled composite fermion LL) form pairs. These pairs are proposed to 
have Laughlin correlations with one another and to form condensed states at a sequence of fractions 
which includes all new fractions observed in experiment. 
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Introduction. Pan et al. Il| recently observed frac- 
tional quantum Hall (FQH) 2] minima in the diagonal 
resistivity of a two-dimensional electron gas at novel fill- 
ing fractions v of the lowest Landau level (LL) . The new 
spin-polarized FQH states occur at filling factors outside 
the Jain sequence |3| of composite fermion (CF) states. 
Some of them, as v = 4/11 or 4/13, appear in the Hal- 
dane hierarchy Q of quasiparticle (QP) condensates, but 
their "hierarchical" interpretation was questioned |5J be- 
cause of the specific form of the QP-QP interaction. Oth- 
ers, such as the v — 3/8 or 3/10 states, do not belong 
to the Haldanc hierarchy, and the origin of their incom- 
pressibility is puzzling in an even more obvious way. Pan 
et al. take their observations as evidence for residual 
CF-CF interactions, but at the same time they ignore 
the theoretical investigations in which these interactions 
were studied in detail d, IE • Consequently, they con- 
clude that the origin of the observed FQH states remains 
unresolved. In this letter we propose an explanation for 
these new states involving formation of QP pairs which 
display Laughlin correlations with one another. 

First, we present briefly the connection between the CF 
model (equivalent to the mean-field Chern-Simons trans- 
formation) [3| and the QP hierarchy UILjIGJ to show that 
the form of the "residual CF-CF interactions" is neither 
mysterious nor unknown. On the contrary, the pseudopo- 
tentials V(1Z) (defined as dependence of pair interaction 
energy on relative pair angular momentum) describing 
these interactions at short range have been calculated 
[10,0, and the long-range behavior can be readily un- 
derstood from the nature of the (fractionally) charged 
QP's that interact with one another by the (repulsive) 
Coulomb potential. It is worth noting the impossibil- 
ity of deriving V(1Z) from the literally understood CF 
picture, where it is interpreted as the difference between 
Coulomb and gauge interactions between fluctuations be- 
yond the mean field. Second, we recall two simple types 
of two-body correlations, Laughlin correlations and pair- 
ing, that may occur in an interacting system depending 
on the filling factor v and on whether V(1Z) is super- 



or subharmonic at the relevant range |g. Then, know- 
ing the QP-QP pseudopotential Vqp(H), we apply the 
concept of Laughlin condensed states of (bosonic) pairs 
(used earlier for the electrons in the n = 1 LL to describe 
such FQH states as v = 5/2 or 7/3 |9|) to the parti- 
cles or holes in a partially filled CF LL, i.e., to Laughlin 
quasielectrons (QE's) or quasiholes (QH's). Finally, we 
propose the existence of novel hierarchy FQH states in 
which the incompressibility results from the condensation 
of QP pairs (QE2's or QH2's) into Laughlin correlated 
pair states. The series of FQH states derived from the 
parent v — 1/3 state include all novel fractions reported 
by Pan et al: v = 5/13, 3/8, 4/11, and 6/17 for the QE's 
and v = 5/17, 3/10, 4/13, and 6/19 for the QH's. 

Standard numerical calculations for N electrons are 
not useful for studying the Laughlin correlated pair states 
because convincing results require too large values of N. 
For a meaningful test, at least three QP pairs need be 
considered. For v = 4/11 this occurs for N = 18 elec- 
trons and the total flux 21 — 45, which seems beyond 
reach of exact diagonalization and explains the lack of 
earlier numerical evidence. In this letter we take advan- 
tage of the knowledge of the dominant features of Vqe(7£) 
to diagonalize two interacting QE systems correspond- 
ing to v = 5/13 and 3/8. Although the results confirm 
nondegenerate ground states and an excitation gap, they 
should be considered as a mere illustration in support of 
our idea, while the most convincing arguments lie in the 
analysis of QP-QP pseudopotentials and in good agree- 
ment with experiment. Somewhat similar, detailed cal- 
culations were recently carried out by Mandal and Jain 
fiof in search of the v = 4/11, 5/13, and 6/17 states. 
However, these authors did not study systems with the 
values of (N, 21) predicted in our model (and their results 
did not indicate incompressibility). 

QP-QP Pseudopotential. The nature of QP correla- 
tions depends critically on the pseudopotential Vqp(TZ) 
describing their pair interaction energy Vqp as a function 
of relativepair angular momentum 1Z. We have shown 
earlier 8, 9] that the correlations are of the Laughlin type 
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FIG. 1: (a) Interaction pseudopotentials V(1Z) for a pair of 
QE's of the Laughlin v = 1/3 state calculated for the systems 
of up to N = 12 electrons on a sphere, (b) Dependence of 
the leading QE pseudopotential coefficients corresponding to 
the smallest values of 1Z on TV -1 . Extrapolation to TV -1 — » 
corresponds to an infinite planar system. 

(i.e., the particles tend to avoid pair states with one or 
more of the smallest values of TZ = 1, 3, ... ) only if 
V(7Z) is "super harmonic" at the relevant values of TZ for 
a given filling factor v (specifically, at TZ = 2p — 1 for 
v ~ (2p + 1) , where p = 1, 2, . . . ). Laughlin correla- 
tions defined in this way justify reapplication of the CF 
picture to the QP's to select the lowest states of the whole 
many-body spectrum, and lead to the incompressible QP 
"daughter" states of the standard CF hierarchy [£j . The 
superharmonic repulsion is defined as one for which V 
decreases more quickly than linearly as a function of the 
average particle-particle separation (r 2 ) for the consec- 
utivepair eigenstates labeled by TZ. In spherical geom- 
etry most convenient for finite-size calculations, this 
means that V increases more quickly than linearly as a 
function of L(L + 1), i.e., of the squared total pair angu- 
lar momentum L = 21 — TZ, where I is the single-particle 
angular momentum. 

The qualitative behavior of the QP-QP interaction 
pseudopotential Vqp(TZ) at short range is well-known 
from numerical studies of small systems El 0- I n 
Fig. (IJa) we compare Vqe(TZ) calculated for the sys- 
tems of iV = 9 to 12 electrons. The zero of energy is 
not determined very accurately in finite systems, and an 
extrapolation to large N is needed to restore the posi- 
tive sign of Vqe(TZ), as shown in Fig. IHb). However, 
only the relative values are of importance, since adding 
a constant to V(TZ) does not affect correlations and only 
shifts the whole many-body spectrum by a (different) 
constant. On the other hand, the repulsive character 
of the QP-QP interaction and the long-range behavior 
of V QP (TZ) ~ TZ~ 1/2 follow from the fact that QP's are 
charged particles (the form of QP charge density affects 
Vqp only at short range, comparable to the QP size). 

Combining the above arguments, it is clear that the 
dominant features of Vqe are the small value at TZ = 1 
and a strong maximum at TZ = 3. This result is most 



apparent in the calculation of Lee et al. pj . Analogous 
analysis for the QH's yields maxima at TZ = 1 and 5, and 
nearly vanishing Vqh(3). Importantly, these conclusions 
do not require such assumptions as zero layer thickness 
w or infinite magnetic field B, and thus they are read- 
ily applicable to the experimental FQH systems. This is 
in contrast to the literally understood CF model in which 
the weak "residual" CF-CF interactions are said to result 
from partial cancellation of strong Coulomb and gauge in- 
teractions between the electrons. These two interactions 
have very different character and, for example, depend 
differently on w or B ||. This prevents drawing con- 
clusions about even the sign of Vqp from the CF model 
alone (which nevertheless remains a useful picture for cer- 
tain other properties of Laughlin QP's). Let us also note 
that while features in Vqp (TZ) reflect the internal struc- 
ture of QP's interacting through bare Coulomb potential 
V(r) ~ r _1 , it may be convenient to picture QP's as 
point particles interacting through an appropriate model 
potential, for example Vqe(^) ~ (a 2 + [r — b) 2 )^ 1 / 2 with 
a maximum at r — b corresponding to TZ = 3. 

QP Pairing. It is evident that because Vqe (3) > 
Vqe(1), the QE system does not support Laughlin corre- 
lations. Instead, we expect that at least some of the QE's 
will form pairs (QE 2 ) at TZ = 1. A paired state would be 
characterized by a greatly reduced fractional parentage 
Q [3 from the strongly repulsive TZ = 3 state compared 
to the Laughlin correlated state, and have lower total in- 
teraction energy E = ^N(N — 1) J2n G{TZ)V{TZ). Let us 
stress that such pairing is not a result of some attractive 
QE-QE interaction, but due to an obvious tendency to 
avoid the most strongly repulsive TZ = 3 pair state. At 
sufficiently high QE density this can only be achieved by 
having significant 5(1), which can be interpreted as pair- 
ing into the QE2 molecules. By analogy, the QH pairing 
is expected in the low-energy TZ = 3 state. The range of 
QP filling factors i^qp at which pairing can be considered 
is limited by the condition that the separation between 
the closest pairs must exceed the pair size. While for the 
QE pairs with TZ = 1 this is satisfied at any i/qe < 1, the 
QH pairing with TZ — 3 can only occur at ^qh < 1/3. 

Because of the limited knowledge of Vqp at intermedi- 
ate TZ, we cannot completely preclude pairing into larger 
molecules (e.g. QE 2 's with TZ — 5 or QH 2 's with TZ = 7) 
that might occur at approprietly lower values of ^ qp . We 
also realize that whether all or only some of the QP's form 
pairs might depend on i^qp, but here we concentrate on 
the simpler, complete-pairing scenario, discussed in the 
context of electrons partially filling the n = 1 LL 9]. 

Laughlin Correlations Between Pairs. Having estab- 
lished that the QP fluid consists of QP 2 molecules, the 
QP 2 -QP 2 interactions need be studied to understand 
correlations. Here, the QP 2 's will be treated as bosons, 
although in two dimensions they can be easily converted 
to fermions by a transformation consisting of attach- 
ment of one flux quantum. The QP 2 -QP 2 interaction is 
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described by an effective pseudopotential Vqp (1Z) that 
includes the correlation effects caused by the fact that 
the two-pair wavefunction must be symmetric under ex- 
change of the whole QP2 bosons and at the same time 
antisymmetric under exchange of any pair of the QP 
fermions. This problem is analogous to that of inter- 
action between the electron pairs in the n = 1 LL [jj. 

Although we do not know Vqp 2 (7£) accurately, we ex- 
pect that since it is due to the repulsion between the 
QP's that belong to different QP 2 pairs, it might be su- 
perharmonic at the range corresponding to the QP2-QP2 
separation. For example, the tendency to avoid the pair- 
QE state at 1Z = 3 that is responsible for QE pairing 
is also expected to cause spatial separation of the QE2's 
in order to reduce the contribution to the parentage Q (3) 
coming from pairs of QE's that belong to different QE2's. 
Our numerical results for four QE's (calculations of the 
expectation value of the interaction energy for a model 
QE-QE pseudopotential in the eigenstates of a pairing 
interaction Hamiltonian) seem to support this idea. How- 
ever, in contrast to the n = 1 electron LL 0, the lack of 
accurate data for Vqp at the intermediate range makes 
such calculations uncertain. 

Condensed Pair States. The assumption of Laughlin 
correlations between the QP2 bosons for the relevant val- 
ues of vqp implies the sequence of Laughlin condensed 
QP2 states that can be conveniently described using the 
"composite boson" (CB) model 0. Let us use spherical 
geometry and consider the system of N± fermions (QP's) 
each with (integral or half-integral) angular momentum 
li (i.e., in a LL of degeneracy g\ — 2l\ + l). Neglecting the 
finite-size corrections, this corresponds to the filling fac- 
tor vi — N\/gi. Let the fermions form N 2 — \N\ bosonic 
pairs each with angular momentum l 2 = 2l\ — TZi, where 
TZi is an odd integer. The filling factor for the system of 
pairs, defined as v 2 = N 2 /g 2 where g 2 — 2l 2 + 1, equals 
to v 2 — \y\. The allowed states of two bosonic pairs 
are labeled by total angular momentum L = 2l 2 — 1Z 2 , 
where TZ 2 is an even integer. Of all even values of 1Z 2 , the 
lowest few are not allowed because of the Pauli exclusion 
principle applied to the individual fermions. The con- 
dition that the two-fermion states with relative angular 
momentum smaller than 7Z± are forbidden is equivalent 
to the elimination of the states with 7Z 2 < AlZi from the 
two-boson Hilbert space. Such a "hard core" can be ac- 
counted for by a CB transformation with 47?.! magnetic 
flux quanta attached to each boson . This gives the 
effective CB angular momentum l 2 ~ l 2 ~ 21Z\(N 2 — 1), 
effective LL degeneracy g 2 — g 2 — kTZ\{N 2 — 1), and ef- 
fective filling factor v 2 = (y 2 x — 47Zi) _1 . 

The CB's defined in this way condense into their only 
allowed l 2 = state {v 2 = 00) when the correspond- 
ing fermion system has the maximum density at which 
pairing is still possible, v\ — TZ\ ■ At lower filling fac- 
tors, the CB LL is degenerate and the spectrum of all 
allowed states of the N 2 CB's represents the spectrum 



TABLE I: The v = 1/3 hierarchy of Laughlin states of QP 
pairs. Fractions in boldface have been reported in Ref. Q. 
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of the corresponding paired fermion system. In partic- 
ular, using the assumption of the superharmonic form 
of boson-boson repulsion, condensed CB states are ex- 
pected at a series of Laughlin filling factors v 2 = (2q)~ 1 . 
Here, 2q is an even integer corresponding to the num- 
ber of additional magnetic flux quanta attached to each 
CB in a subsequent CB transformation, l 2 — > l 2 * — 
l 2 — q(N 2 — 1), to describe Laughlin correlations be- 
tween the original CB's of angular momentum l 2 . From 
the relation between the fermion and CB filling factors, 
1 = (4*4) 1 we nn d the following sequence of 

fractions corresponding to the Laughlin condensed pair 
states, z/f 1 = q/2 + 1Z\. Finally, we set TZ\ = 1 for the 
QE's and 1Z\ = 3 for the QH's, and use the hierarchy 
equation ||, v~ 1 — 2p + (1 ± ^qp) -1 , to calculate the 
following sequences of electron filling factors, v, derived 
from the parent v = (2p + 1) _1 state 

v- 1 = 2p+l±{2 + q/2)-\ (1) 

where "— " corresponds to the QE's and "+" to the QH's. 
Remarkably, all the fractions reported by Pan et al. are 
among those predicted for the v = 1/3 parent and listed 
in Tab.[l] Note also that the same values of q = 1, 2, 4, 
and 8 describe both observed QE and QH states. This in- 
dicates similarity of the QE-QE and QH-QH pseudopo- 
tentials and suggests that both Vqe 2 and Vqh 2 may be 
superharmonic only at the corresponding four values of 
1Z (in such case, remaining fractions of Tab. [I] could not 
be observed even in most ideal samples). Another possi- 
bility is only partial pairing of QP's at some of the filling 
factors. Since the pseudopotentials for QP's of different 
Laughlin states are quite similar pjj], let us also list the 
fractions of the v = 1/5 hierarchy corresponding to q = 1 , 
2, 4, and 8: v = 5/23, 3/14, 4/19, and 6/29 for the QE's 
and v = 5/27, 3/16, 4/21, and 6/31 for the QH's. 

Numerical Results. As an illustration, we performed 
exact-diagonalization calculations on a sphere for sys- 
tems of QE's interacting through a model pseudopoten- 
tial with only one coefficient, Vqe(3) = 1. Because a har- 
monic pseudopotential does not change the many-body 
eigenstates and only shifts the energy spectrum by a term 
that is linear in L(L + 1), such choice of Vqe means that 
we neglect all anharmonic contributions to the QE-QE 
interaction except for the strongest one at 1Z = 3 @,S0| • 

In a numerical calculation it is important to account 
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FIG. 2: Low energy spectra (energy E as a function of total 
angular momentum L) of 16 QE's at 2Zqe = 25 corresponding 
to i/QE = 2/3 and v = 5/13 (a) and 10 QE's at 2Z QE = 17 
corresponding to ^qe = 1/2 and v = 3/8 (b). 



for the finite-size corrections when calculating iVi and l\ 
corresponding to a given v. As an example for v = 5/13 
corresponding to 2/qe = v\ — 2/3 and q = 1, we pick 
iV QE = JVi = 18 and calculate Y 2 = |iVi = 9, l* 2 = 
q(N 2 - 1) = 8, h = I2 + 2^1(^2 - 1) = 24, and finally 
21qe = 2li = Z2+I = 25. This QE system represents N — 
Ni+2h-l = 42 electrons at 21 = 2(h - l) + 2p(N- 1) = 
105. For ^ = 3/8 corresponding to v\ = 1/2 and q = 2, 



we pick iVi = 10 and calculate Y2 = 5, 



16, 



and finally 2li = 17. This system represents N = 26 
and 2/ = 65. Let us note that the values of (N, 21) used 
here differ from those of Ref. [H} where pairing between 
QP's was not considered. The energy spectra for these 
two systems are shown in Fig. El They both show a 
nondegenerate (L = 0) ground state and a finite gap. 

The very simple QE-QE pseudopotential we used did 
not give the expected L = ground state in every case we 
tested. However, the lowest L = state was always the 
lowest state for small values of L which suggests that it 
might become an absolute ground state if the appropriate 
harmonic term was included in Vqe- Further numerical 
studies of the energy spectra and of the coefficients of 
fractional parentage Q may clarify whether this is caused 
by the use of an oversimplified model pseudopotential or 
perhaps only partial QE pairing at ^qe < 1/2. 

Conclusions. We have studied the QP-QP interac- 
tions leading to novel spin-polarized FQH states in the 
lowest LL. Using the knowledge of QP-QP pseudopoten- 
tials and a general dependence of the form of correlations 
on the super- or subharmonic behavior of the pseudopo- 
tential, we have shown that QP's form pairs over a cer- 
tain range of filling factor i^qp. Then, we argued that the 
correlations between the QP pairs should be of Laughlin 



type and proposed a hierarchy of condensed paired QP 
states, in analogy to the paired states in the excited elec- 
tron LL studied earlier. The proposed hierarchy of frac- 
tions agrees remarkably well with the recent experiment 
of Pan et al. pj. However, more detailed calculations 
are needed to understand why only some of the predicted 
states were observed. In particular, further studies might 
verify the possibility of only partial pairing and forma- 
tion of mixed liquids containing both paired and unpaired 
QP's at filling factors corresponding to q > 2. Also, the 
whole v = 1/5 hierarchy is yet to be confirmed experi- 
mentally. Finally, stability of the proposed states against 
spin excitations at low Zeeman energy needs to be tested, 
as a partially polarized v = 4/11 state was suggested 
by Park and Jain 12j, and its particle-hole conjugate, 
v = 7/11, appears unpolarized in experiment 0. 
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